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Abstract

Transfinite mean value interpolation has recently emerged as a simple and robust way
to interpolate a functiorf defined on the boundary of a planar domain. In this paper we
study basic properties of the interpolant, including sufficient conditions on the boundary of
the domain to guarantee interpolation whéis continuous. Then, by deriving the normal
derivative of the interpolant and of a mean value weight function, we construct a transfinite
Hermite interpolant and discuss various applications.
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1 Introduction

Transfinite interpolation means the construction of a function over a planar domain that matches
a given function on the boundary, and has various applications, notably in geometric modelling
and finite element methods [20]. Transfinite mean value interpolation has developed in a series of
papers [3, 10, 6, 12]. In [3] barycentric coordinates over triangles were generalized to star-shaped
polygons, based on the mean value property of harmonic functions. The motivation for these
‘mean value coordinates’ was to parameterize triangular meshes but they also give a method for
interpolating piecewise linear data defined on the boundary of a convex polygon. In [10] it was
shown that these mean value interpolants extend to any simple polygon and even sets of polygons,
possibly nested, with application to image warping. In both [6] and [12] 3D coordinates were
similarly constructed for closed triangular meshes, and in [12] the coordinates were used for
mesh deformation. Moreover, in [12] the construction was carried out over arbitrary curves and
surfaces, not just polygons and polyhedra. Further work on mean value coordinates and related
topics can be found in[1, 4, 5, 11, 13, 15, 17, 22].

The purpose of this paper is to study and further develop mean value interpolation over ar-
bitrary curves in the plane, as proposed by Ju, Schaefer, and Warren [12]. There are two main
contributions. The firstis the derivation of sufficient conditions on the shape of the boundary that
guarantee the interpolation property: conditions that ensure that the mean value interpolant re-
ally is an interpolant. This has only previously been shown for polygonal curves with piecewise
linear data, in [10]. The second is the construction of a Hermite interpolant, matching values



Figure 1: A convex domain.

and normal derivatives of a given function on the boundary. The Hermite interpolant is con-
structed from a weight function and two Lagrange interpolants, and requires finding their normal
derivatives.

We complete the paper with applications to smooth mappings and the web-spline method for
solving PDE'’s.

2 Lagrange interpolation

2.1 Interpolation on convex domains

Let Q@ C R? be open, bounded and convex. We start with the convexity assumption because
the definitions and analysis are easier. However, we make no assumption about the smoothness
of the boundarn$2, nor do we demand strict convexity: three points)in can be collinear.
Thus we allowf) to be a convex polygon as well as a circle, ellipse, and so on. For any point
x = (x1,22) in 2 and any angl® let L(x, #) denote the semi-infinite line that startsxaaind
whose angle from the,-axis is#, let p(x, §) denote the unique point of intersection between
L(x,0) andof?, and letp(x, #) be the Euclidean distangéx, ) = ||p(x, #) — x||; see Figure 1.
The intersection poinp(x, #) depends on the curvé?, and sometimes it will help to indicate
this by writingp(x, 8; 992). In generalp(x, 8; C') will denote the intersection (assumed unique)
betweenl(x, §) and any planar curv€ andp(x, ¢; C') the corresponding distance.

Given some continuous functigh: 02 — R, our goal is to define a functiom: 2 — R
that interpolates’. To do this, for eackx € (2, we defineg(x) by the following property. If
F : Q — Ris the linear radial polynomial, linear along each line segnent], y € 992, with
F(x) =g(x)andF(y) = f(y), thenF should satisfy the mean value property

1
F(x) = %/FF(Z) dz, 1)
wherel is any circle in{ with centrex, andr is its radius. To findj(x), we write (1) as
1 2T
g(x) = 2—/ F(x + r(cosf,sin8)) do, 2)
T Jo



Figure 2: Mean value interpolants.

and since
F(x + r(cos,sinf)) = %g(x) - p()Z, g)f(p(x, 0)), 3)
equation (2) reduces to
T fp(x0) —g(x)
o e 70
whose unique solution is
o [T oo [T 1
o) = [P g fop, o0 [T L @

Equation (4) expressegx) as a weighted average of the valuesfairound(2. We will show

later that under reasonable conditionsaspy ¢ interpolatesf, i.e., thatg extends continuously

to the boundary)) and equalg there. Thus, sincé’ satisfies the mean value property (1) at
x, we callg the mean value interpolant b The interpolany itself does not satisfy the mean
value theorem and is not in general a harmonic function. But in the spirit of [7], we can view
it as ‘pseudo-harmonic’ as it shares some of the qualitative behaviour of harmonic functions,
such as the maximum principle. Also, similar to harmonic functions, the opefrati®fined by

g = I(f), has linear precision: if : R? — R is any linear functionf (z;, x5) = ax; + bz + ¢,
then/(f) = f in Q. This follows from the fact that, if is linear and we leg(x) = f(x), then

F = f, and soF' is linear and therefore trivially satisfies (1). Figure 2 shows two examples of
mean value interpolants on a circular domain.



2.2 Interpolation on convex polygons

The construction of the mean value interpolanwas carried out in [3] in the special case that
(2 is a polygon and thaf is linear along each edge of the polygon. In this case a convex
combination of the values df at the vertices of the polygon. To see this we prove

Lemma 1 Lete = [py, p1] be a line segment and I¢t: ¢ — R be any linear function. Let be
any point in the open half-plane lying to the left of the vegior— py. Letd, < 6, be the two
angles such thap(x, 0;;¢) = p;, i = 0, 1, and letp; = ||p; — x||. Then

", G:0) o (f0) S, (6=
o PlxGie) de_( o )ta( 2 ) ®)

Proof. Similar to the approach of [3], sincgis linear, we have witlp = p(x, 6; ¢),

£(o) = 2 o) + 2 1), ©

with Ag, A;, A the triangle areasly = A([po, %, p]), 41 = A([p,x,p1]), A = A([po, X, P1])-
Letting p = p(x, 0; e), by the sine rule,

Ay sin(0 —bh)p Ay sin(0p —0)p
A B Sin(Ql — 00)[)17 A N sin(Ql — 90)p07

and putting these into (6), dividing hy and integrating frond, to ¢, gives (5). O

Since the functiorf = 1 is linear, the lemma also shows that

o (1 1) (01—90)
——df = —+ =) tan .
/90 p(x,0;e) po M 2

Together with (5), this implies that, § is a convex polygon with verticgs,, p1, . . ., pn—1, and,
indexing modula, if f is linear on each edge;, p:+1], theng in (4) reduces to

o) = 3w (S0 [0, 6x) =3 wi(x) )
where . o\ 4t )
) = TO100/2) + tan(0s9/2) ©
pi(x)

andp;(x) = ||p; — x|| and«;(x) is the angle ak of the triangle with verticex, p;, p;+1. The

functions -
M) = () | ).



were called mean value coordinates in [3]. By the linear precision property sihce both
f(x) = z; and f(x) = z are linear, we have

=

n—

i

Il
=)

which expresses as a convex combination of the vertices Thus, the coordinates; are a
generalization of barycentric coordinates.

2.3 The boundary integral formula

It is not clear from the formula (4) how to differentiage Ju, Schaefer, and Warren [12] noticed
however that if a parametric representatioroéf is available, the two integrals in (4) can be
converted to integrals over the parameter of the curve.cLefa, b — R?, with ¢(b) = c(a),

be some parametric representationoi, oriented anti-clockwise with respect to increasing
parameter values. H(t) = (c1(t), c2(t)) = p(x, 8), thend is given by

. Cg(t) — X9
0 = arctan (m) , (9)

and differentiating this with respect tayives

do_ (ei(t) —21)ch(t) — (e2t) —x2)cy(t) _ (c(t) —x) x ()
dt — (c(t) —21)2+ (ca(t) —x2)2 le(t) = x| (10)

where x denotes the cross productit, i.e,a x b := a;b, — asb;. Using (10) to change the
integration variable in (4) yields the boundary integral representation (c.f. [12]),

g(x) = / w(x t) f(e(t)) dt / bx),  Hx) = / wx, ) d, (11)

where
(c(t) —x) x c'(t)

le(t) —x|?
It is now clear that we can take as many partial derivativeg as we like by differentiating

under the integral sign in (11). Thus we see that in C*°(Q2). The boundary integral formula

is also important because it provides a way of numerically computing the valg@tod point

x by sampling the curve and its first derivative’ and applying some standard quadrature rule

to the two integrals in (11). A simple alternative evaluation method that only requires evaluating

c itself is to make a polygonal approximationdéand apply (7). The third alternative of using

the original angle formula (4) and sampling the angles betweerd 27 requires computing the

intersection pointg(x, 6).

w(x,t) = (12)




The numerator inv can also be written as the scalar product«t) — x) androt(c’(t)) =
(chy(t), = (t)), the rotation ofc’(¢) through an angle of 7 /2. Then, since the outward normal
to the curvec isrot(c/(t))/||c/(¢)]|, another way of representingds in terms of flux integrals:

o) = [ F(5)F(y)- N(y)dy / o), ox) = / F(y) - Niy)dy.

o0
whereF is the vector field
__Y—Xx
ly —x|I*
andN(y) is the outward unit normal at anddy denotes the element of arc lengthast. The

Gauss theorem could then be applied to these expressions to give further formylass.
Recently, Lee [16] has studied more general formulas of this type.

F(y)

2.4 Non-convex domains

We now turn our attention to the case tliats an arbitrary connected open domainRh, not
necessarily convex. In the case thats a polygon, it was shown in [10] that the mean value
interpolantg defined by (7—8) has a natural extension to non-convex polygons if we simply
allow «;(x) in (8) to be a signed angle: negative whelies to the right of the vectap, ., — p;.

The main point is thap continues to be strictly positive 1 so thaty is well defined.

To deal with arbitrary (non-polygonal) domains, suppose initially thestsimply-connected,

i.e., has no holes, in which case its boundary can be represented as a single parametric curve
c : [a,b] — R?, with ¢(b) = c(a), oriented anti-clockwise. Then, similar to the construction

in [12], we defineg in this more general setting by the boundary integral (11). Note that for
arbitraryx € ) the quantityw(x, t) may change sign several timestagries.

We can also expregsin this general setting using angle integrals. Recall that an intersection
point of two smooth planar curves is said tottensversaif the curves have distinct tangents at
that point. We calb atransversal anglevith respect to if all the intersections betweel(x, 6)
andof) are transversal. For example, in Figure 3a all anglesaaie transversal except fér and
0. We make the assumption thii#® is such that there is a finite number of non-transversal angles
at eachx € (. If 0 is a transversal angle, le{x, §) be the number of intersections bfx, 6)
with 992 which will be an odd number, assumed finite, andplgix, 0), j = 1,2,...,n(x,§), be
the points of intersection, ordered so that their distapees ¢) = ||p;(x, #) —x|| are increasing,

pl(X7 9) < p2(x7 0) < < Pnx0) (X7 9) (13)

For example, fop € (6,,6-) in Figure 3a, there are three such intersections, shown in Figure 3b.
Now for fixedx € €2, let

Sy ={t€la,b]:w(x,t) >0} and S ={te€la,b]:w(x,t) <0},

and observe that both integrals in (11) reduce to integrals®yveandS_. Moreover, the setS,
andS_ are unions of intervals, and thus the integrals in (11) are sums of integrals, one integral

6



Figure 3: (a) Example with two non-transversal angles and (b) an angle with three intersections.

for each interval, andv(x, -) has constant sign in each interval. By changing the variable of
integration for each interval fromto ¢, using (10), it follows thay can be expressed as

o n(x j—1 o n(x 9)
/ Z f(pj(x,0)) d9/¢ /
j=1 j=

1

de. (14)

Here, ifd is not a transversal angle, we sk, §) = 0. We now use (14) to deduce the positivity
of ¢ and therefore the validity of in the non-convex case.

Theorem 1 For all x € €, ¢(x) > 0

Proof. The argument is similar to the polygonal case treated in [10]. Since the sequence of
distances in (13) is increasingrifx, 6) > 3,

1 1
p?jfl(xa 6) p2j(x7 9)

> 0, j=12,...,(n(x,0) —1)/2,

and so (14) implies

21 1
P(x) > / ——df > 0.
( ) 0 Pn(x,0) (X7 9)

2.5 Bounds ong

Having shown thay, given by either (11) or (14), is well-defined for non-convex domains, our
next goal is to show that interpolates the boundary dafaunder reasonable conditions on the
shape of the boundary. A crucial step in this is to study the behaviogmedar the boundary.

In this section we show that behaves like the reciprocal of the distance functigr, 052), the
minimum distance between a potate ) and the sedf). First we derive an upper bound.



Theorem 2 For anyx € (2,

2
<
) < T a0 (15)
Proof. If n(x,6) > 3 in equation (13), then
—1 1 .
+ <0, j=12,...,(n(x,0)—1)/2,

sz(X7 0) P2j+1(Xa 0)

and so

27 1 27 1
M”SA MxmwSA(Mﬂmw'

O

To derive a lower bound fap, we make some assumptions abdftin terms of its medial
axis [2]. Observe thad) dividesR? into two open and disjoint sets, the setitself, and its
complemenf)®. The interior / exterior medial axid/; Cc R? / My C R? of 09 is the set of all
points inQ) / Q¢ whose minimal distance X2 is attained at least twice. For any set C R?,
we let

d(M,00) = ylgj&d(y,ﬁﬁ),

and to derive a lower bound, we will make the assumptiondafz, 0€2) > 0. Note that this
condition holds for convex curves because in the convex cdese= () andd(Mg, 092) = oo,
We will also make use of the diameter ©f

diam(2) = sup |[ly1 —y2fl-
Y1,y2€00

Theorem 3 If d = d(Mg,0Q2) > 0, there is a constant’ > 0 such that forx € €2,

C

o(x) = 1%, 09)" (16)

With g the ratio3 = D/d, whereD = diam(f2), we can take

2
1+ )1+ B+ /P +206)

Note thatC' < 2 and if Q2 is convex then3 = 0 andC' = 2. On the other hand, i is small
relative toD, thenC will be small.

Proof. Let y be some boundary point such thkik, 9Q) = ||y — x|/, and lets = ||y — x|| and
let 6, € [0,27) be the angle such thdi(x, 6, ) intersectsy. Then the open dis8, = B(x, J)
is contained ir2. By the assumption that > 0, letxc be the point if2¢ on the lineL(x, 6y)
whose distance from is d; see Figure 4. Then the open diBg = B(x¢, d) is contained if2¢.
Let oy, a2, With a; < 6, < a9, be the two angles such that the link&, o) and L(x, a) are

8



Figure 4: Lines in proof of Theorem 3.

tangential tod B, and leta;, i = 1,2, be the point wherd.(x, «;) touches)B,. Letq; be the
polygon consisting of the two line segmefds, y| and|y, as], andq, the polygon consisting of
[a;, x¢| and[x¢, as).

Let # be any transversal angle i, ay). Then there is some odd numbker say with
k < n(x,0), such that the intersection points(x,0),...,px(x,0) lie betweenB; and B,
while the remaining ones;.;1(x,0), . .., Pnx,0) (X, 0) lie beyondB,. Then, similar to the proof
of Theorem 1, ifk = n(x, 6), the sum inp in (14) satisfies the inequality

ni,@) (_1)j_1 - 1
=1 pJ'(X? 9) B pk(X, 9)’
while, if £ < n(x, 0), it satisfies
" (—1)i 1 1

Consequently, in either case
n(x,0

Z) ) U
pj(x.0) ~ p(x,0;a1)  p(x,0;q2)

j=1

and therefore, from (14),

Px) 2 /;2 (p(xaz;ql) - p(xyé; qz)) w

We now use the explicit formula from Lemma 1, and setting (o — «1)/2, we find

¢(x)22( ! ! )tan(oz/2)—2( L ! >tan(a/2)

+
las = x|~ [ly —x] lar = x| [lxo = x||

9



1 1 2d
=2 (5 — m) tan(a/2) = 50T d) tan(a/2).

Moreover, since

_ l—cosa . d V(0 +d)? - d?
tan(a/Q)—W, siner = ———, cos o = S d :
we have p
tan(a/2) = ,
d+d+ /(0 +d)?—d?
and therefore L/ o p
> — : 17
gb<x)—6<5+d) (6+d+\/52+25d> 7

Sinced < D, this implies

o025 (5'ta) (5avvoreoma)
Y=5\D+d)\D+d+vD2+2Dd/)

and, puttingD = (3d and cancelling th€’s, proves the theorem. O

2.6 Proof of interpolation

We can now prove thatreally interpolateg under the medial axis condition of Theorem 3. We
also make the mild assumption that

N :=sup sup n(x,0) < oo, (18)
x€Q 0T (x)

whereT'(x) is the subset of0, 27) of those angles that are transversal with respest tblote
that this holds for conve&, in which caseV = 1.

Theorem 4 If f is continuous o2 andd(Mg, 02) > 0, theng interpolatesf.
Proof. Let c(s) be any boundary point and observe thatsfor (2,

1 b
g9(x) — flc(s)) = m/a w(x, t)(f(e(t) = flc(s))) dt. (19)

We will choose some smalf > 0 and split the integral into two partglf = [,+ [, where
I'=[s—7,s+7landJ = [a,b] \ I. Then, withM := sup s | f(y)|,

19(%) — f(e(s))] < max| f(e(t)) - f<c<s>>|@ / fw(x, £)|dt + 2M@ / (. 1) dt.

tel

10



Considering the first term on the right hand side, note that

1 I
m/j|w(x,t)|dtgm/a w(x, £)|dt = R

which we will bound above. The argument used to derive (14) also shows that

(x,0)

27{'n
/ lw(x,t)| dt = / )dQ,

b or (n(x,0)—1)/2 1 2(N _ 1)77
/a w(x, )| dt = ¢(x) + 2/0 ; D) df < ¢(x) + Ax,00)

with N as in (18). Dividing byy(x) and applying the lower bound (16) #dx), then leads to
2(N —1)m <14 2(N — 1w
o(x)d(x,00) — C ’
which is independent ot. Note that wher2 is convex,N =1 andR = 1.
Lete > 0. We must show that there is soniie> 0 such that ifx € Q2 and||x — c(s)|| < o

then|g(x) — f(c(s))| < e. Sincef o c is continuous at = s, we can choose > 0 such that
|f(c(t)) — flc(s))] < (e/2)/(1+2(N —1)x/C) fort € I. Then

R<1+

€ 1
x) — f(c(s <—+2M—/wx,t dt. 20
l9(¢) = fle(s))] < 3 o) J\ (x,1)] (20)
Finally, since
hng) |w(x,t)|dt = /\w t)] dt < oo, and llH(l)(b( X) = 00,

it follows that there is somé > 0 such that ifx € Q and||x — c(s)|| < ¢ then

1
m[]|w(x,t)| dt < WYL

in which casdg(x) — f(c(s))| < e. O

3 Differentiation

In some applications we might need to compute derivativeg.ofLet « = («ay, ) be a
multi-index, and letD, = 9*%*2 /(0 x,0*x5). We start by expressingin (11) asg(x) =
o(x)/¢(x), where

o (x) = / wix, £) f(c(t)) dt,

11



and we reduce the task of computing derivativeg td that of computing derivatives ef and
¢, which are given by

b b
Dag(x):/ Dow(x,t)f(c(t))dt, and Dagb(x):/ Dow(x,t)dt,

with D, operating with respect to thevariable. Letting(3) = (5!) (%), and definingd < o

to mean thapl; < «; for bothi = 1,2, and3 < a to mean thag < o anda # 3, we take the
D,, derivative of the equation(x)g(x) = o(x), and the Leibniz rule gives

(87
5 () 00600a-a3(x) = Dar(x)
0<B<a

and by rearranging this in the form

Daglo) = 51 (Dao<x>—0; (g)Dw(x)Daﬁg(m), (21)

we obtain a rule for computing all partial derivatives gofecursively from those of and ¢.
Letting

d=d(x,t)=c(t) —x, r=r(xt)=|[dx,1)] (22)
so that3w = d x ¢/, an approach similar to the derivation of (21) gives
1
Daw = — (Da (dxc) - 0; Dg (7“3)Da_gw> : (23)
<pfaox

a rule to compute the partial derivativeswofrecursively. Since it is easy to differentiaté we
can use the Leibniz rule to differentiat&

Da(r®) = Da(rr) = 3 (a) Da(r?) Da_gr
0<p<a B
By applying the Leibniz rule te?, we obtain derivatives of:
1 9 «
Dyor = > Da(r ) — Z 3 DgrDq_gr | . (24)
0<B<x

In the case that() is a polygon, we can differentiate the explicit formulagah (7), which
boils down to differentiatingu; in (8). Similar to (21) we have

1 1 « 1
Do|— | =—— D piDa— (_> )
(Pi) Pi (gﬁ;a (ﬁ) ? ? Pi

12



and the formula foD,, p; is given by (24) with- replaced by,. Derivatives oftan(«;/2) can be
found by rewriting it in terms of scalar and cross productd gk) = p; — x,

<042‘> pipiy1 — di - dipq
tan = .

5 d; x dijy

Then, by viewing this as a quotient, we have

(07 1 %
D, tan (5) = dxdo, (Da(pipi+1 —d;-di1) — Z Dp (d; X dis1) Da-gtan (5)) '

0<B<Lx

4 Hermite interpolation

We now construct a Hermite interpolant based on mean value interpolation. As we will see, the
interpolant is a natural generalization of cubic Hermite interpolation in one variable, and it helps
to recall the latter. Given the values and first derivatives of some fungtiol® — R at the
pointsz, < x1, cubic Hermite interpolation consists of finding the unique cubic polynomial
such that

p(xi) = f(x:) and  p'(z;) = f'(2), i=0,1. (25)
One way of expressingis in the form
p(z) = go(x) + ()91 (), (26)

whereg is the linear Lagrange interpolant

1 — X

f(zo) +

Tr1 — Zo 1 — Zo

go(z) =
1 is the quadratic weight function

w(a) = Eo 2]

xr1 — Zo

andg, is another linear Lagrange interpolant,

o i r — 2o
gi(z) = mo + mi,
1 — Zo 1 — Zo

whose datan, andm; are yet to be determined. To see this, observe that siteg = 0,
i = 0,1, pin (26) already meets the Lagrange conditions in (25), and singce) # 0 for
i = 0, 1, the derivative conditions in (25) are met by setting

[ (i) — go(xi)
Y(w)

m; = i::O7L

13



Now observe that for € (x, z;) we can expresg, andiy as

go(z) = Z |Z£(fZ)x| Z |2, 1_ x| an /Z ‘xl — x| (27)

and similarly forg,. Therefore, by viewingz; — x| as the distance from to the boundary point

x; of the domain(xy, z1) we see that the mean value interpolain (4) is a generalization of the

linear univariate interpolanj, to two variables. Similarlyy in (4) generalizes the denominator

of 1) above. This suggests a Hermite approach for the curve case. Given the values and inward
normal derivative of a functiorf defined o<, we seek a functiop : Q — R satisfying

0 0
o) =7ly)  and  Py)=) yeon (28)
in the form
p(x) = go(x) + ¥(x)g1(x), (29)
whereg is the Lagrange mean value interpolanitm (11), v is the weight function
1
= —— 30
V) = oo (30)

with ¢ from (11), andg; is a second Lagrange mean value interpolant whose data is yet to be
decided. Similar to the univariate case, we need to show:itwat = 0 and g—ﬁ(y) # 0 for
y € 0f). Then we obtain (28) by setting

0 = (o) - 52w [Gem). yeon 3)

Thus we also need to determif(y) and %2 (y). We treat each of these requirements in turn.
First, observe that Theorems 2 and 3 give the upper and lower bounds

7-d(x,09) < ¢(x) < %d(x, o),  xe, (32)

and soy(x) — 0 asx — 02, and soy extends continuously t62 with value zero there.
Figure 5 shows the upper and lower bounds/onith C' = 2 in the case tha is the unit disk.
The figure shows a plot af and the two bounds along theaxis. Next we show that the normal
derivative ofy is non-zero.

Theorem 5 If d(Mg, 082?) > 0 andd(M;, 0R2) > 0 andy € 0S2, then

o 1
8n( y) = 2

14
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Figure 5: Upper and lower bounds for the unit disk.

Figure 6: Lines in proof of Theorem 5.
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Proof. Let R = d(M;,092). Then the open dis® of radiusR that is tangential t@{2 aty on
the inside 002 is empty. For small enough> 0, the pointx =y + dnisin B. Leta;, ay, a3
be the three points ofiB such that, # y lies on the line througlk andy, anda; anda; lie
on the line perpendicular to it, see Figure 6. kgebe the four-sided polygon passing through

y,aj,as,ag. Then
( ) 27 1 d9< 21 1 de
ol s/ _/ L
0 pl(X>9) 0 p(X>9; CI)

Then, by Lemma 1 applied to each edgeypénd sincean(w/4) = 1, we have

1 1 1 1
o ) (e )
ly =x|  llar =] lag = x| [laz —x]]

So, sincely — x|| = § and|la; — x|| = 2R — §, and lettingh = ||a; — x|| = ||as — x|, we find
20 )
< - :
do(x) _2(1—|— . +2R—5)

Moreover, sinceh? = R? — (R — §)?, we haveh = /(2R — §)§ ~ v2R¢ for smalld, and
therefore
limsup d¢(x) < 2. (33)

0—0
On the other hand, for smal| y is the closest point t& in 0¢2, and then (17) gives

0p(x) > ( - ) < )
“\0+d) \6+d+V62+25d)
whered = d(Mg, 02), and thus

li%n iglf dp(x) > 2. (34)
The inequalities (33) and (34) show thiat(x) — 2 asé — 0, and thus
o, v -dy) o1 1
on (v) = (1512(1) J B (151_1)% Sp(x) 2

O

We have now shown that the Hermite construction (29) works, and that the normal derivative
of ¢ is 1/2. To apply (31) we still have to compute the normal derivativgof

Theorem 6 Letg be as in(11). If d(Mg, 0?) > 0 andd(M,, 092) > 0, andy € OS2 then

) =5 [ vl - ) dr

Proof. For small§ > 0, letx = y + dn. Then dividing both sides of equation (19) byand
letting & — 0, gives the result, using Theorem 5. O

16



Figure 7: The weight functiogk on various domains.

We plotted the weight functiog on four different domains, shown in Figure 7. In the first
three, we used numerical quadrature on the integral formulaifo(11). We use an adaptive ap-
proach, where for eack, we split the integral into a fixed number of pieces, and apply Romberg
integration to each piece, i.e., the extrapolated trapezoidal rule. If at some stage we detect that
is on the boundary, within a given numerical tolerance, we terminate the integration and return 0
for the value ofy. For the fourth domain, which is a regular pentagon, we simply use the exact
polygonal formula in (7). We apply similar approaches to evaluate the interppiarfi.1).

The weight functiony is itself a Hermite interpolant with value 0 and normal derivatiye
on the boundary. Figure 8 shows other Hermite interpolants.

5 A minimum principle

A useful property of harmonic functions is that they have no local maxima or minima on arbitrary
domains. Lagrange mean value interpolants, however, do not share this property on arbitrary
domains, but we conjecture that they do on convex domains. We are not able to show this, but
we can establish a ‘minimum principle’ for the weight functioron arbitrary domains. Sineg

is positive inQ) and zero ordf?, it must have at least one maximum( and theS example in

Figure 7 illustrates that it can have saddle points. But we show that it never has local minima.

Lemma 2 For arbitrary €2, with ¢ given by (14),

2T n(xﬁ) -
_ (=t
A¢p(x) =3 /O ;:1: 0 de.
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Figure 8: Hermite mean value interpolants.

Proof. With the notation of (22) we have = (d x ¢’)/r3 in (11) and differentiation gives

—0’23, ) N 3(d ><5c’)d and  Aw — 3d ><5 c"
T T T

Vw:(

Integrating the latter expression with respect tnd using (10) and the notation of (14), gives
the claimed formula. O

Lemma 2 shows thah¢ > 0in 2 due to (13). From this we deduce
Theorem 7 In an arbitrary domain(2, the weight function) has no local minima.

Proof. Supposex, € Q2 is alocal minimum of). ThenV(x,) = 0 andAw(x,) > 0. But since
v =1/¢, we have

Ao Vol|?
V@Z):—E and A¢:—?+2‘¢3‘ )

Therefore Vo(x,) = 0 andAy(x,) = —Ag¢(x.)/¢*(x.) < 0, which is a contradiction. O

6 Domains with holes

So far in the paper, we have assumed thas simply connected. In the case tlais multiply

connected, all the previously derived properties and formulas continue to hold with only minor

changes. In fact, the angle formula fpm (14) is unchanged in the presence of holes as long as
the pointsp,(x, #) are understood to be the ordered intersections(gf ¢) with all components

of 0€). Thus, all angle formulas and associated properties are also valid for multiply connected
domains. However, the boundary integral formula (11) needs to be extended as follows. Suppose

that(2 hasm holes,m > 0, so thato$2 hasm + 1 components: the outer one and thenner
ones. We represent all these pieces parametrically, as [ax, by] — R? k = 0,1,...,m,

18
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Figure 9: Multiply connected domain.

with ¢, (ax) = cx(br). The outer curve, of 0 is oriented anti-clockwise and the inner pieces

c,...,Cy, are oriented clockwise, see Figure 9. Then (11) should be replaced by
mo by mo oy,
o) =3 [Cwbosan) o, o= [Tmena @)
k=0 v %% k=0 v %

Previous formulas involving the single parametric cueveeed to be extended accordingly, but
this is straightforward and left to the reader.

7 Applications

We discuss two applications of mean value Hermite (and Lagrange) interpolation.

7.1 Smooth mappings

Smooth mappings from one planar region to another are required in reduced basis element meth-
ods for PDE’s that model complex fluid flow systems [18]. The reduced basis element method
is a domain decomposition method where the idea is to decompose the computational domain
into smaller blocks that are topologically similar to a few reference shapes. We propose using
mean value interpolation as an efficient way of generating suitable smooth mappings. Figure 10
shows on the top left a reference shape for a bifurcation point in a flow system studied in [18]
that could model for example blood flow in human veins. Top right shows the reference shape
mapped to the computational domain, using the method of [18]. The mapping is continuous
but notC* along certain lines in the interior of the domain. However, the result of using La-
grange mean value interpolation i€& mapping, bottom left. Finally, it may be desirable to
control the normal derivative of the mapping along the boundary. This can be achieved using
Hermite mean value interpolation. Bottom right shows the Hermite mean value mapping where
the normal derivative of the mapping at each boundary point equals the unit normal vector at the
corresponding point of the computational domain boundary.

There appears to be no guarantee that these mappings will in general be one-to-one. However,
we have tested Lagrange mean value mappings from convex domains to convex domains and
have always found them to be injective. We conjecture that this holds for all convex domains.
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Figure 10: A bifurcation prototype is mapped to a deformed bifurcation using different transfinite
interpolants.

7.2 A weight function for web-splines

Recently, Hollig, Reif, and Wipper [9, 8] proposed a method for solving elliptic PDE’s over
arbitrarily shaped domains based on tensor-product B-splines defined over a square grid. In
order to obtain numerical stability, the B-splines are ‘extended’, and in order to match the zero
boundary condition, they are multiplied by a common weight function: a function that is positive
in ©2 and zero orvf). Various approaches to choosing a weight function for this kind of finite
element method have been discussed in[14, 19, 9, 21]. The weight fugicterused in Hermite
interpolation satisfies these basic properties, and in view of the upper and lower bounds (32) and
the constant normal derivative in Theorem 5, it behaves like half the signed distance function
near the boundary. Sois a good candidate for the weight function in the web-spline method.

We used bicubic web-splines to solve Poisson’s equation= f on various domaing with
zero Dirichlet boundary condition and various right-hand sifieBhe top two plots of Figure 11
show approximate solutionsover an elliptic domain with a circular hole, defined by the zeros
of r; andr, where

ri(x1,20) = 1 — 27/16 — 23/9, ro(21, T2) = (21 + 3/4)* + (22 — 1/2)* — 1,

and with right hand sid¢ = sin(r;7,/2), a test case used in [9]. The top left plot shows the
result of using the weight function = r;r,, while the top right plot shows the result of using

the mean value weight functian. The error for the two methods is similar, with both having a
numericalL,-error of the ordeO(h*) with h the grid size, as predicted by the analysis of [9].

At the bottom of Figure 11 are plots of the approximate numerical solutiafito= —1 on

other domains using the mean value weight function. On the left is the solution over a regular
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Figure 12: Solving inhomogeneous problems.

pentagon, and on the right is the solution over the domain defined by the ‘S’ in the Times font,
with piecewise-cubic boundary. The numeri¢alerror in these two cases waxh?), which is
expected when the domain boundary has corners.

One can extend the web-spline method to deal with inhomogeneous problems using Lagrange
mean value interpolation. If we want to sole: = f in 2 with « = ug on 92, we can lety be
the mean value interpolant (11) g, and express the solution as= g + v wherev solves the
homogeneous problety = fin Qwithv = 0 0on o, andf = f—Ag. This approach requires
computing the Laplacian of the mean value interpolant (4) and this can be done using the
formulas of Section 3. We used bicubic web-splines to solve the inhomogeneous problem with
f = —1/2anduy(y) = 1 — (v? + v2)/8. In Figure 12, the left plot shows the true solution
u(x) =1 — (2% + x3)/8 and the right plot shows the numerical solution.
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